ABSTRACT
I. Introduction

II. The Four-Dimensional Half-Flat Topological Gravity Models
We derive the moduli spaces of the four-dimensional half-flat topological gravity models, which are partially contained in ref. [7] . There are two types of models : (A) Witten-type action given by Kunitomo [5] and (B) Schwarz-type action proposed by us [6, 7, 8, 14] . We follow the notations of ref. [5, 7] . Fundamental fields in these models are a trio of su(2) valued 2-form Σ k = Σ k µν dx µ ∧ dx ν and a trio of su(2) valued 1-form ω k = ω k µ dx µ . The curvature tensor F k = F k µν dx µ ∧ dx ν ≡ dω k + (ω × ω) k = dω k + f ijk ω i ∧ ω j (f ijk is a structure constant of SU (2) and it will be ǫ ijk in later). Varying the actions of (A) or (B) with respect to ω k and Σ k fields, we obtain the following equations [5, 7] ;
M 4 is supposed to be a four-dimensional compact Kähler manifold with its real first Chern class c 1 (M 4 ) R = 0, which is the sufficient condition for the existence of the moduli spaces [7] . From the Bogomolov decomposition theorem [15] , complex tori T 4 or K3 are possible as the covering space of M 4 . The field ω k = ω k µ dx µ is restricted to a selfdual chiral part of a frame connection (+) ω ab µ i.e.,we consider only the principal bundle of oriented orthonormal frames P SO(4) over M 4 with structure group SO (4) . From the assumption for M 4 , at least the reduction of the structure group G = SO(4) → U (2) and of the bundle P SO(4) → P U (2) are possible [16] . Thus, only U (1) component of ω k exists as the self-dual part.
whereη i ab is the t'Hooft's η-symbol [17] . Similarly, we get the following reductions 1 for Σ k , which supposed to be self-dual part of SO(4) :
From eq. (2), Σ k comes from a vierbein e a = e a µ dx µ [8] :
{J k } represents a complex structure or two almost complex structures which satisfy the quaternionic relations and g αβ is a hermite symmetric metric. The self-dual part of the Riemannian tensors is related to the curvature tensor F k [5, 7] . It becomes zero (i.e.,Riemannian half-flat) when it satisfies the eq. (1) and (2) [5, 7] ;
From the Hitchin's theorem [18] , (M 4 , g) is covered by a flat 4-torus or Kähler-Einstein K3-surface or Kähler-Einstein K3-surface /Z 2 or Kähler-Einstein K3-surface /Z 2 × Z 2 . Before we proceed, it will be useful to introduce general spin bundles Ω m,n [18] and the canonical bundle K [19] . A U(1) part deformation of the frame connection is denoted by ω 1 f . It belongs to K * ⊗ Λ 1 .
1 In the previous paper [7] , we are setting Σ k to be represented by su(2) ⊗ Λ 2 . It will be more convenient to use the reduction forms 1 × Λ 2 or u(1) ⊗ Λ 2 for them to see the dimensions of the each cohomology group which will appear in the later. which comes from the following isomorphism [20] :
where S is a certain parallel section of Ω 0,2 [21] .
The moduli spaces of (A) coincide with those of the bosonic part of (B) and are classified into two cases by using the property of the canonical bundle K [7] .
Case(1) when the canonical bundles are trivial: M 4 is a K3-surface or T 4 . On these two manifolds, the reductions of P U (2) are possible due to the fact that K and P U (1) are trivial when they have Einstein-Kahler metrics. These manifolds are called hyper-Kählerian. The moduli space is the equivalent class of a trio of the Einstein-Kähler forms (the hyperkähler forms) {Σ k (e)} [7] :
Case (2) when the canonical bundles are not trivial:
As K is not trivial on these manifolds, the reduction of P U (2) → P SU (2) R is not possible. These manifolds are called as the locally hyperkählerian. Their moduli spaces are given by
These moduli spaces have the bundle structure such as the base is M(ω k ) with a fibre M(Σ).
III. BRST quantization in the Witten-type model on T 4 or K3
We discuss about the partition function of the Witten-type model on K3 or T 4 , whose BRST symmetry and the action is given by [5] . (We will report the partition function for the Schwarz-type model in the next paper [22] . ) The action of the Wittentype model reduces to
where [5] . λ i andλ i (η i andη i ) are a ghost and an anti-ghost of these redundant symmetries with (2K ⊕ RS) * ⊗ Λ 4 representations. To fix these symmetries, we set D 2 * π k = 0 and D 2 * χ k = 0. Thus the quantum action S q is given by
δ B denotes the BRST-transformation. We are now ready to evaluate the partition function :
where DX represents the path integral over the fields Σ k f , ghosts, anti-ghosts and N-L fields. In general, these fields contains zero modes and non-zero modes. We introduce the following the deformation complex 2 . The zero modes are the elements of the cohomology groups of this complex.
D −1 and D 3 are identically zero operators. We can easily check the ellipticity of the deformation complex. We may then define the cohomology group.
where
The dimensions of H i are finite and represented by h i . H 1 is exactly identical with T (M(Σ)) the tangent space of M(Σ) :
When expanded out by using the properties of δ B [5] , the quantum action is given by
with some field redefinitions.
We integrate over non-zero modes. The Gaussian integrals over the commuting β − γ andλ k −λ k sets of fields cancel with the contribution coming from the anti-commuting sets of b − c andη k − η k . We integrate over the remaining 
Later, however, we show that h 1 is non-zero on K3 and on T 4 . Thus, there arise fermionic zero-modes and bosonic zero-modes whose numbers are equal to h 1 in this model. The path integral over the fermionic( bosonic) zero modes makes the partition function trivial (divergent).
Some appropriate combinations of the following three ways can avoid these situations : 1) projecting out i.e., gauge fixing of the global symmetries caused by the zero modes 2) evaluation of the interaction terms of the quantum action which contains the appropriate zero modes 3) introducing some functional O called 'observable' and calculating the vacuum expectation value of it [1] . The path-integration over them may provide non-trivial information to distinguish differential structures on these manifolds.
Myers et al. have already proposed some 'observable' in their gravity model [4] . Their moduli space is the equivalent class of the Riemannian half-flat metric with respect to the diffeomorphism. Their 'observable' is composed of the BRST-extension of the Riemannian curvature form on M 4 and it might express the topological invariants made of curvatures on the tangent moduli space. The BRST symmetries of Myers et. al.'s model can be realized by using the composite fields of Σ k and its super partner Ψ k on K3 or T 4 in Kunitomo's model since a metric can be made of Σ k [5] . Thus the observables given by Myers et. al are also adopted to the Kunitomo's model. The evaluation of them in the Kunitomo's model will give some topological information.
VI. The dimensions of the Moduli Spaces
Let K(g) be the moduli space of Einstein-Kähler forms, ǫ(g) be the moduli space of Einstein metrics and C(g) be the moduli space of complex structures, respectively. All of them are the equivalent classes with respect to the diffeomorphism. At first, we quote the result about the dimension of K(g) when M 4 is Kählerian manifold with c 1 (M ) R = 0, which is given by [18] . Then we show the dimension of M(Σ) or M(Σ, ω) by using the Atiyah-Singer Index theorem and clarify the difference between M(Σ) and K(g), which is partially contained in ref. [7] .
When c 1 (M ) R = 0, the deformation of the Kähler class with a fixed complex structure induces a deformation of a Einstein metric from the Calabi-Yau theorem [25] . The deformation of Einstein-Kähler forms {Σ} consists of that of Einstein metrics {g} and complex structures {J} and needs a careful examination of its degenerated part ;
The dimensions of K(g), ǫ(g) and C(g) for the Kählerian manifolds with c 1 (M ) R = 0 are given by
where Θ = O(T M z ) i.e. the sheaf of the germs of holomorphic vector fields.
L andL are the line bundles. We show how to calculate the dimension of the moduli space of M(Σ). The calculation of the index for M(Σ) is common to both of case (1) and case (2) because the index is independent on the connections. By applying the Atiyah-Singer index theorem [26] , we obtain 3 . x i denotes the first Chern classes of L i orL i By changing τ →| τ |, this index can be also adopted to manifolds with the opposite orientation. In the above calculation, we use the character of the general spin bundles [27] and that of a canonical bundle : 4 . y + is replaced by y − for ch(Ω l,0 ). y ± is given in terms of x i due to the relation between the fundamental spinor representation and the adjoint representation of the Unitary group [26] 
It is easy to see that H 0 is equivalent to the space of the Killing vectors (Isometry),
for the dimension of the cohomology group of the twisted de Rham complex : 
p 2 is the 2-th plurigenus [19] . They are derived by the Serre duality [19] and the index theorem applied to the twisted Dolbeault complex [19] or the twisted de Rham complex [26] .
where F is a holomorphic bundle. We used the result of ref. [21] to know the the number of p 2 and b 2,0 for K3/Z 2 × Z 2 (see Table 2 ). We introduce the notation dim.M(Σ) ≡ dim.M(Σ) − 1 to remove a scale factor. For the case (1), dim.M(Σ) which we derived and dim. K(g), dim. ǫ(g) and dim. C(g) given by [18] are summarized in
The difference betweenM(Σ) of the case(1) and K(g) is as follows ;M(Σ) represents the moduli space of hyperkähler forms i.e., the definition ofM(Σ) describes a set of (g, J 1 , J 2 , J 3 ) or equivalently (Σ 1 , Σ 2 , Σ 3 ), which takes into account the degrees of freedoms of how one can choose g, a trio of g-orthogonal complex structures.
On the other hand, K(g) designates (g, J 1 ) or equivalently (Σ 1 ) only. The degrees of a trio of g-orthogonal complex strucrtures which satisfy the quaternionic relations for a fixed g is 3. Namely, for a fixed g,
For the hyperkählerian manifold, a trio of almost complex structures reduces to a trio of complex structures. The degrees of freedom of how one can choose J 1 for a fixed g is given by .dim.S 2 = 2. The degrees of freedom of how one can obtain J 2 which is orthogonal to J 1 for a fixed pair (g, J 1 ) is given by S 1 over S 2 = 2. J 3 is automatically arranged after (g, J 1 , J 2 ) are fixed. The moduli space M(Σ) has a bundle structure which has the fiber (J 1 , J 2 , J 3 ) over the base manifold ǫ(g) .
For the case (2), The dimension of the moduli space is given by
M(Σ) describes one Kähler form and two almost Kähler forms which satisfy the quaternionic relations, whose dimension is given by eq. (28) . dim.M(Σ) derived by us and dimM(ω) and dim.K(g), dim.ǫ(g) given by [21, 18] are summarized in
The difference between dim. K(g) and dim.M(Σ) corresponds to dim. S 1 = 1 as before but the difference between dim.K(g) and dimǫ(g) is no longer represented by dim.S 2 since
= dim. ǫ(g) + 2dim.H = dim. ǫ(g) + dim.S 2 + dim.S 1 .
We mention the Teichmüller space N on K3-surface [18] or T 4 [4] , which is defined by the quotient of Kähler-Einstein metrics of volume one modulo the diffeomorphisms which induce the identity on the cohomology group H 2 (M, Z) ; The relations between the moduli spaces of K(g) and ǫ(g) on K3 was already derived [18] . They are some manifolds ewith holes or singularities [29, 18] . There is a naturl compactification of marked ǫ(g) on K3 by the method of Satake, Baily-Borel and Mumford [29] . These mathematical results will be important for the further investigation into M(Σ) and the evaluation of some observables. eqs. of motion D 1 Σ k = 0 : {dΣ k = 0}/{d 2 Σ k = 0} (9) D 1 Ψ k = 0 : {dΨ k = 0}/{d 2 Ψ k = 0} (9) t.f. Σ i ∧ Σ j = 0 (5) t.f. Σ i ∧ Ψ j = 0 
